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Abstract. The quantum correction to electrical conductivity is studied on the basis
of two-dimensional Wolff Hamiltonian, which is an effective model for a spin-orbit
coupled (SOC) lattice system. It is shown that weak anti-localization (WAL) arises in
SOC lattices, although its mechanism and properties are different from the conventional
WAL in normal metals with SOC impurities. The interband SOC effect induces
the contribution from the interband singlet Cooperon, which plays a crucial role
for WAL in the SOC lattice. It is also shown that there is a crossover from WAL
to weak localization in SOC lattices when the Fermi energy or band gap changes.
The implications of the present results to Bi–Sb alloys and PbTe under pressure are
discussed.
1. Introduction
It is well known that impurity scattering with spin-orbit coupling (SOC) causes weak
anti-localization (WAL) in a two-dimensional system, as shown by Hikami–Larkin–
Nagaoka (HLN) [1]. The spin-relaxation length can be evaluated by analyzing the
magnetic field dependence of quantum correction to the electric conductivity, δσ(B),
by using the formula obtained by HLN. The conventional WAL theory considers nearly
free electrons in metals with spin-orbit coupled (SOC) impurities that does not conserve
electron-spins, e.g., Cu film with Au impurities [Fig. 1 (a)]. This situation is called
“dilute SOC” system in this study.
Recently, the evaluation of the spin-relaxation length using the HLN formula has
become a very important topic in the field of spintronics and topological materials
sciences [2, 3, 4, 5]. However, most target materials in these fields possess strong SOC
in the atoms that constitute the lattice, and not the impurities, e.g., Bi film with non
SOC impurities [Fig. 1 (b)]. This situation is called “SOC lattice,” which is the opposite
limit from the dilute SOC system, in this study. The HLN formula has been used in
many SOC lattice systems assuming that the SOC lattice can be described within the
same framework as dilute SOC systems [3, 4, 6, 7]. However, the application of HLN
formula for SOC lattice has not been sufficiently validated, because it was derived for
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Figure 1. Schematic of (a) a dilute SOC system and (b) a SOC lattice system.
dilute SOC systems. Naively, there are two possibilities for SOC lattices: (i) WAL arises
in SOC lattices as in dilute SOC because the system possess a SOC; or, (ii) WL arises
in SOC lattices because they are the opposite limit of dilute SOC. It is not obvious
which is correct. This topic of the relationship between dilute SOC and SOC lattices
have not been addressed before, although it is similar to the problem of Kondo effect,
where both the dilute Kondo and Kondo lattice exhibit minimum resistance [8].
This study aimed to investigate quantum correction to the conductivity in a two-
dimensional SOC lattice and examine whether conventional WAL arises. We employed
the Wolff Hamiltonian, which is essentially equivalent to the Dirac Hamiltonian, as the
minimal model of the SOC lattice [9, 10]. The quantum correction was calculated using a
standard technique of weak localization (WL) andWAL considering the particle–particle
ladder-type diagram, i.e., the correction from the Cooperon instability [1, 11, 12]. It is
revealed that the SOC lattice exhibits WAL–WL crossover with respect to a function
of the ratio of the Fermi energy EF to the band gap ∆. In the WAL region, there
are two essential differences between the SOC lattice and the dilute SOC system. In
the dilute SOC system, there is a minimum of the quantum correction δσHLN(B) as
a function of a magnetic field B. In contrast, there is no minimum in the quantum
correction of the Wolff model δσW(B) in the SOC lattice. Furthermore, it is also shown
that WAL arises in the SOC lattice even without spin-relaxation scattering, whereas
spin-relaxation scattering is crucial for conventional WAL in dilute SOC systems. The
interband effect of SOC and the interband singlet Cooperon instability are essential to
this unconventional WAL. Finally, the implications of the present results to Bi–Sb alloys
and PbTe under pressure are discussed.
2. Quantum correction in the Wolff model δσW
The Wolff Hamiltonian is an effective model of a system with a strong SOC [9, 10]. We
consider the Wolff Hamiltonian with an impurity potential V (r) in the form
H = HW + V (r), (1)
HW =
[
∆ iγσ · k
−iγσ · k −∆
]
(2)
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V (r) = u0
∑
i
δ(r −Ri), (3)
where k = (kx, ky) is the wave vector, 2∆ is the band gap, γ is the velocity, and σ is
the Pauli matrices. u0 is the strength of scattering, and Ri is the position of the i-th
impurity. In this study, we assume an isotropic dispersion for simplicity.
The present V (r) scatters electrons without changing their bands and spins.
However, electrons move by changing their bands and spins because of the SOC in
Hw. This effect of interband SOC is a characteristic of SOC lattices.
The momentum scattering rate is given by
~
2τ
= π
∑
k′
〈| 〈k|V (r) |k′〉 |2〉imp δ(EF − Ek′)
= πρ0niu
2
0
λ2 + 1
2λ2
, (4)
under the second-order Born approximation. ρ0 = ∆/π~
2γ2 is the density of state, ni
is the impurity density per unit volume, and λ = EF/∆. (The absolute values of k
and k′ are replaced by the Fermi wavenumber assuming that the quantity on the Fermi
surface is relevant.) We consider a scattering process that does not change the band
and spin of the eigenfunction of eq. (2) and discard the scattering process that does.
This approximation is essentially the same as that used in Refs. [11, 12].
The quantum correction to conductivity δσW(L) is given by [13, 14, 15]
δσW =
e2~
π
∑
q
Γ(q)
∑
k
vxkv
x
q−kG
R
kG
A
kG
R
q−kG
A
q−k,
(5)
where W denotes Wolff, and GR/A = (EF − Ek ± i~/2τ)−1 is the retarded/advanced
Green’s function, Γ(q) is a particle–particle ladder-type diagram that gives the
Cooperon, and vk = γ(
√
E2k −∆2/Ek)cosφk is the velocity. Γ(q) satisfies the following
Bethe–Salpeter equation
Γ(q)kαkβ = Γ
0
kαkβ
+
∑
kµ
Γ0kαkµG
R
kµ
GAq−kµΓ(q)kµkβ , (6)
where Γ0 is given by
Γ0kαkβ = 〈〈kβ|V (r) |kα〉 〈−kβ| V (r) |−kα〉〉imp . (7)
Here, 〈· · ·〉imp denotes the average of the impurities. The solution of (6) is of the form,
Γ(q)kαkβ =
~
2D0πρ0τ 2
2∑
n,m=0
Γnm(q)e
i(nφα−mφβ), (8)
where Γ00 = αt/(ℓ
−2
t + q
2)Γ11 = αs/(ℓ
−2
s + q
2), ℓ−2t = (λ − 1)2/(λ + 1)2αtℓ−20 , and
ℓ−2s = 2/(λ
2 − 1)αsℓ−20 . ℓ0 =
√
D0τ is the mean free path, D0 = v
2
F τ/2 is the diffusion
constant, and vF = γ
√
E2F −∆2/EF is the Fermi velocity.
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αt and αs are key parameters, which determine the magnitude of triplet and singlet
Cooperon instabilities, respectively. They are given by
αt =
4
λ2 + 3
, αs = − (λ
2 − 1)2
2(λ2 + 1)2
. (9)
We can neglect Γ22 because this term does not provide a divergent contribution.
Γnm becomes zero for n 6= m after integration with respect to q. Γnm corresponds
to the elements of a multiplet basis representation by representing Γ(q)kαkβ in the
following form, (〈kβ| ⊗ 〈−kβ|)Γ(|kα〉 ⊗ |−kα〉) for q → 0. We find Γ00 ∝ 〈T|Γ |T〉
and Γ11 ∝ 〈S|Γ |S〉, where |T〉 = |c ↑〉 ⊗ |c ↑〉 is an intraband triplet and |S〉 =
1√
2
(|c ↑〉 ⊗ |v ↓〉 − |v ↓〉 ⊗ |c ↑〉) is an interband singlet. (c and v denote the conduction
and valence bands, respectively.) Another intraband triplet, |v ↓〉 ⊗ |v ↓〉, corresponds
to Γ22. The intraband singlet,
1√
2
(|c ↑〉 ⊗ |c ↓〉 − |c ↓〉 ⊗ |c ↑〉), and intraband triplet,
1√
2
(|c ↑〉 ⊗ |c ↓〉+ |c ↓〉 ⊗ |c ↑〉) do not appear in the present calculation.
With some straightforward calculations of eq. (5), we obtain δσW as
δσW(L) = − e
2
2π2~
×
(
αtlog
ℓ−2t + ℓ
−2
0
ℓ−2t + L
−2 + αslog
ℓ−2s + ℓ
−2
0
ℓ−2s + L
−2
)
, (10)
where L is the size of the system. The first term of eq. (10) corresponds to the
contribution from the intraband triplet Cooperon, and the second term corresponds to
that from the interband singlet Cooperon. Under a magnetic field perpendicular to the
two-dimensional lattice, we obtain the quantum correction to the magneto-conductivity
in the following form
δσW(B) = − e
2
2π2~
∑
i=s,t
αi
×
[
Ψ
(
1
2
+
ℓ2B
ℓ20
+
ℓ2B
ℓ2i
)
−Ψ
(
1
2
+
ℓ2B
ℓ2φ
+
ℓ2B
ℓ2i
)]
, (11)
where Ψ is the digamma function, ℓφ is the coherent length, and ℓB =
√
~/4eB is the
magnetic length of the electron–electron pair.
Figure 2 shows the magnetic field dependence of δσW(B). A crossover from WL
to WAL is obtained by increasing EF/∆. WL (δσ > 0) arises when EF/∆ ∼ 1, while
WAL (δσ < 0) arises when EF/∆ exceeds a critical value of Ec ≃ 3∆. (At EF = Ec,
δσW ≃ 0, because αt ≃ −αs and ℓt ≃ ℓs.) Such a crossover can be also seen in the
different context [11, 12]. In the zero field limit, eq. (11) becomes
δσW(B → 0) ∼ − e
2
2π2~
∑
i=s,t
αilog
ℓ−20 + ℓ
−2
i
ℓ−2φ + ℓ
−2
i
, (12)
which is equal to δσW(L→ ℓφ).
The crossover from WL to WAL by changing EF can be understood in terms of the
relationship between the intraband triplet (αt) and the interband singlet (αs) as follows.
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Figure 2. Magnetic field dependence of ∆σW = [δσW(B) − δσW(0)]/(e2/2π2~) for
ℓ0/ℓφ =0.1.
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Figure 3. Dependence of αt and −αs on λ = EF /∆.
Figure 3 shows the EF dependence of the magnitude of αt and −αs. For EF . Ec, αt
is greater than −αs, i.e., the total quantum correction becomes positive, resulting in
WL. However, for EF & Ec, αs is greater than −αt, resulting in WAL. This property is
clearly different from the conventional WAL of HLN theory in dilute SOC systems.
3. Comparison of δσW and the conventional δσHLN
Fig. 4 compares the δσW in the WAL region and the conventional quantum correction
obtained by using the HLN formula, δσHLN. Here, δσHLN is calculated using the well-
known HLN formula given by
δσHLN(B) = − e
2
2π2~
[
α′t
{
Ψ
(
1
2
+
ℓ2B
ℓ20
+
ℓ2B
ℓ2so
+
ℓ2B
ℓ2φ
)
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Figure 4. Dependence of ∆σ(B) = [δσ(B)−δσ(0)]/(e2/2π2~) on the magnetic field in
the WAL regime. The bold lines represent δσW and thin lines δσHLN. The parameter
ℓ0/ℓφ is common to δσW and δσHLN. ℓ
2
0/ℓ
2
φ =0.01.
−Ψ
(
1
2
+
4
3
ℓ2B
ℓ2so
+
ℓ2B
ℓ2φ
)}
+ α′s
{
Ψ
(
1
2
+
ℓ2B
ℓ2φ
+
ℓ2B
ℓ2so
+
ℓ2B
ℓ2φ
)
−Ψ
(
1
2
+
ℓ2B
ℓ2φ
)}]
. (13)
Further, that the above formula is obtained by assuming the three-dimensional motion
of electrons (kz 6= 0) for the SOC scattering potential, although the kinetic energy is
assumed to be two-dimensional. In this case, the coefficients of the intraband triplet
and singlet are constant values, α′t = 3/2 and α
′
s = −1/2. Therefore, the positive
contribution of the triplet term becomes larger than the negative contribution of singlet
term for sizable fields. Thus, the conventional HLN formula exhibits a minimum.
However, for δσW, the interband singlet term (αs) always dominates the intraband triplet
term (αt) in the WAL region (EF > Ec); therefore, δσW(B) monotonically decreases by
the field, i.e., there is no minimum in δσW(B). Strictly speaking, δσW(B) can exhibit a
slight minimum when 2.92 < EF/∆ < 3.05. However, the magnitude of δσW is almost
zero in such a region because EF ≃ Ec.
4. WL in SOC lattice systems
In the previous section, it was shown that the SOC lattice system exhibits both WL and
WAL. It is rather surprising that WL arises in SOC lattices because WAL is expected
in a case with SOC in general. In this section, we investigate the mechanism of WL in
the SOC lattice. We obtain a better understanding of the mechanism of unconventional
WAL by studying the mechanism of WL.
A remarkable WL appears when EF is close to the band edge, EF ≃ ∆. In
such a region, the Foldy–Wouthuysen (FW) transformation [16] (the non-relativistic
approximation) is useful for obtaining the low energy effective Hamiltonian, where
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the 4 × 4 Wolff Hamiltonian is decoupled into the 2 × 2 conduction and valence
band Hamiltonian. Through the FW transformation up to the order (γ2/∆)2, HW
is approximately given by
H′W = β∆+
γ2k2
2∆
− βγ
4k4
8∆3
+ V (x)
+
γ
8∆2
∇2V (x) + γ
2
4∆2
σ · [∇V (x)× k]. (14)
According to the Dirac theory, the third term is the kinetic energy correction, fifth
term is the Darwin term, and sixth term is the SOC term. The Hamiltonian H′W
is essentially equivalent to the conventional model by HLN (except for the third and
fifth terms); therefore, we can calculate the quantum correction for H′W by the same
procedure as the conventional HLN theory. The relaxation time because of the SOC
becomes
~
2τso
= π
∑
k′
〈 | 〈k, β|Hso |k′, α〉 |2〉imp δ(ǫ−EF )
= πniu
2
0ρ0
(λ− 1)2
8
. (15)
Here, we used kz = 0 for Hso, because we consider the two-dimensional Hamiltonian.
Now, the quantum correction for H′W is obtained in the following form:
δσ′W(L) = −
e2
2π2~
log
ℓ−2so + ℓ
−2
0
ℓ−2so + L
−2 , (16)
where the spin relaxation length is given by
ℓ−2so =
2
τso
D0
(
1− 2τ
τso
) . (17)
(Note that ℓso is slightly different from the conventional definition of the spin-orbit
relaxation-time, ℓso =
√
D0τso.) In this case, δσ
′
W has only the triplet term [1], because
τxso in the original HLN theory vanishes owing to kz = 0. Hence, δσW becomes positive
and exhibits WL for EF < Ec.
Through the above analysis, we can clearly understand the characteristic of
unconventional WAL for SOC lattice systems. In conventional dilute SOC systems,
WAL arises only when we assume impurity scattering with spin relaxation (not spin-
conserving) due to the three-dimensional motion through the impurity scattering.
However, in SOC lattice systems, WAL arises even without the spin relaxation. The
electrons travel through the conduction and valence bands, and their spins change owing
to the SOC term σ · k in HW. This interband SOC effect induces the interband singlet
Cooperon instability, resulting in WAL only with spin-conserving impurity scattering.
It is clear that δσ′W(L) corresponds to the triplet part of eq. (10), if we assume the
correspondence ℓt ↔ ℓso. Figure 5 compares ℓso and ℓt as functions of EF . When EF is
close to the band-edge, i.e., in the WL region, ℓso agrees with ℓt. If we expand ℓ
−2
1 and
ℓ−2so around EF ∼ ∆, we obtain
ℓ−2t
ℓ−20
=
1
4
(λ− 1)2 +O((λ− 1)3), (18)
Weak anti-localization in spin-orbit coupled lattice systems 8
0.1
1
10
100
| t
/
0|, 
 
 
| s
o
/
0|
1
2 3 4 5 6 7 8 9
10
0.1
1
10
100
1000
1.51.41.31.21.11.0
ComplexReal
 t
 so
EF /∆
Figure 5. Dependence of spin relaxation length ℓt and ℓso normalized by ℓ0 on
λ = EF /∆
-0.15
-0.10
-0.05
0.00
0.05
0.10
1.00.50.0-0.5-1.0
B(T)
=2.5 (x=0.062)
3.0 (0.060)
3.5 (0.058)
4.0 (0.057)
∆
σ
W
(B
)
EF /∆
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ℓ−2so
ℓ−20
=
1
4
(λ− 1)2 +O((λ− 1)4). (19)
Figure 5 also shows that ℓso becomes an unphysical complex value for EF/∆ > 1+2
√
2,
whereas ℓt is always a positive real value for the entire range of EF . This is because ℓso
was obtained perturbatively with respect to 1/τso.
5. Discussions
Finally, we discuss the implications of the present theoretical results to the experiments.
It is well known that Bi has a large SOC, and electrons at the L-point can be well
described by the Wolff Hamiltonian [9, 10]. The Fermi energy and band gap at the
L-point of Bi is ∆ = 7.7 meV and EF = 35.3 meV, respectively [17, 18, 19]. In this
case, WAL is expected for pure Bi because EF/∆ = 4.6 is greater than Ec/∆ ≃ 3. In
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fact, WAL has been observed in Bi thin films [20, 7]. The WAL in Bi films has been
interpreted by the dilute SOC scenario of HLN. However, the minimum of δσHLN(B),
which is a characteristic property of the conventional HLN theory, has never been
observed. Therefore, the monotonic decrease of δσ(B) in Bi films can be interpreted by
the present SOC lattice scenario.
Interestingly, EF of Bi can be changed by substituting Bi with Sb [21, 10]. The
dependence of EF and ∆ on the Sb content x can be approximated as EF (x)/meV =
4.6 − 4.6x/0.09 and ±∆(x)/meV = 1 − x/0.04 for Bi1−xSbx [18]. It is expected that
EF ≃ Ec at approximately xc ∼ 0.06. Therefore, the crossover from WAL to WL is
expected in Bi1−xSbx through xc ∼ 0.06, as shown in Fig. 6.
Studying the effect of pressure may be more suitable to see the WAL–WL crossover
because this allows the localization effect by excluding the alloying. A good candidate
for this would be PbTe, another typical Dirac electron system [22, 23, 24, 25]. The band
gap of PbTe can be reduced by applying pressure [26]. Because PbTe films at ambient
pressure exhibit WAL [5], the crossover from WAL to WL is expected. However, note
that a clear minimum in δσ(B) is observed in PbTe [5], suggesting conventional WAL.
6. Conclusion
We studied quantum correction to the conductivity in two-dimensional SOC lattice
based on the Wolff Hamiltonian. We found that the interband singlet Cooperon due to
the interband SOC effect results in WAL only with spin-conserving impurity scatterings.
This is in contrast to conventional WAL in dilute SOC systems, where the intraband
singlet Cooperon due to the spin-relaxation impurity scattering results in WAL. The
characteristics of this unconventional WAL in the SOC lattice are that δσW(B) never
exhibits a clear minimum as a function of B, while a clear minimum in δσHLN(B) is
observed for conventional WAL in dilute SOC system. Furthermore, the crossover from
WAL to WL is expected by the change in EF/∆ in SOC lattice. This crossover can be
observed in Bi1−xSbx or PbTe under pressure.
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